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Building 3-D maps of proteins

1) Calculate the 2-D FTs of the projected views 
2) Put them together to form the 3-D FT of the specimen 
3) Calculate the structure of the specimen by performing a Fourier synthesis of the 3-D FT

FT FT-1

Real Space Projections of Structure

De Rosier & Klug (1968). Reconstruction of Three Dimensional Structures from Electron 
Micrographs. Nature 217, 130-4.

Nobel prize for chemistry, 1982 
Aaron Klug "for his development of crystallographic electron 
microscopy and his structural elucidation of biologically important 
nucleic acid-protein complexes".



Image used with permission from Joachim Frank (Columbia University)



Proteins/ice radiation sensitive

Limit electron exposure (low dose)

NOISE!!



J. Frank (2002). Ann. Rev. Biophys Biochem. Struct. 31 303

And one other important 
distortion (the Contrast 
Transfer Function)



Things we need to do in practice (not necessarily in this order): 
1) Find the molecules in images (particle selection) 
2) Correct for imperfections in the imaging system (contrast transfer function) 
3) Correct specimen stage drift and beam-induced specimen movement (motion 

correction) 
4) Determine which molecules come from the same structure (classification) 
5) Determine the relative orientations of the images of molecules that belong together 

(alignment) 
6) Calculate the 3D structure(s) (reconstruction)



Particle selection



Micrograph of 
Detergent solubilized 
ATP synthase 
particles

Gallery of selected 
Particle images

Particle selection 
- extract from micrograph approximately centered images of the molecule of interest.  
- Require a “stack” of between 102 and 106 images of individual particles

Rubinstein, Walker, & Henderson (2003). EMBO J. 22, 6182-92.



Ways of picking particles in images 
1) Template matching 
2) Devise some method for distinguishing ‘objects’ from noise 
3) Machine Learning methods

High-resolution template matching can get you into trouble…



A Cautionary Tale



The authors acquired images:



Employed a template-based particle selection scheme:



Generated reference free class averages:



Generated reference free class averages:



Calculated a 3D map (2012):



Calculated a 3D map (2013):



Compared map projections to class averages:



Measured the resolution (2013):



Fit crystal structures (2013):



…and were criticized extensively



From Henderson’s  
paper



Henderson’s recommendations:

• The experimentalist should be skeptical of their own results and 
consider all possible problems 

• Make sure you can see particles (sufficient exposure and 
defocus) 

• Pick particles by hand initially 
• Ask whether different views of the particle can be identified 
• If classification must be used en route to building an initial 3D, 

reference-free classification schemes should be employed



Back to our particle images…
Not just noisy projections of the structure…



The contrast transfer function (CTF)



Specimen

Lens

Back-focal plane

Image

Incident electrons

Bright field optics

Beam stop

Dark field optics

Dense specimen appears as a 
decrease in the number of electrons 
that contribute to the image.

Dark field and bright field TEM

Represented in this way, bright field TEM has no contrast



waves of the same wavelength can be added as vectors

The sum of two waves with frequency f is another wave 
 also with frequency f

0° 180° 360°



Bright field opticsBright field optics

~10% of electron 
scattered

scattered

unscattered

u+s

Starting:

scattered

unscattered

u+sAfter phase shift: 
(ideal)

Defocusing microscope adds a phase 
shift to the scattered waves… but unfortunately, 
the phase shift increases with increasing  
scattering angle!
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Back to our particle images…
Noisy projections of the 3D structure that have been corrupted by the contrast transfer function

To correct for the contrast transfer function we have to be able to measure it.



Effects of defocus

~1 μm ~2 μm ~3 μm

~4 μm ~5 μm ~6 μm
Image: exposure 12 e-/Å2, 1.4 Å/pixel, 24 e-/pixel, 200 kV, record on F20 with DE-12 
FFT: 2048x2048 pixels, compressed 5x5

Thon rings

Square of FT of images



Describing the CTF

Defocus 1

Defocus 2

Angle of astigmatism

Microscope/specimen constants: 
- Wavelength 
- Spherical abberation 
- Amplitude contrast (~ 7% for protein in ice)



Frame alignment
Enabled by the fact that direct electron detectors
record movies



Motioncor (I), Unblur, alignframes_lmbfgs

Whole frame alignment
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Particle/patch-based motion correction

Alignparts_lmbfgs (Rubinstein & Brubaker,  
2015, JSB 192, 188-95) 
[improved version in cryoSPARC ver 2]

MotionCor2 (Zheng…Agard,  
2017, Nat Meth 14, 331-2)

Relion Polishing (Scheres, 2014, 
eLife 3:e03665) 
[improved version with 
 Alignparts-like smoothing in 
 Bayesian polishing]

Compare particle in each frame
to sum of frames

Compare particle in each frame
to map

Compare patch from each frame
to sum of frames



Accounting for radiation damage
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Baker, Smith, Bueler and Rubinstein (2010). 
J Struct Biol 169, 431-7.

Optimizing signal-to-noise ratios in images

Electron exposure (multiples of Ne)
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Hayward and Glaeser (1979). 
Ultramicroscopy 4, 201-10.



Exposure weighting

Dose (e-/Å2)
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Baker, Smith, Bueler, and Rubinstein (2010), J. Struct. Biol., 169, 431-7.
Baker and Rubinstein (2010), Method Enzymol 481, 373-90.

• Alignparts_lmbfgs (cryoSPARC)

• Unblur

• Motioncorr2

Programs:

• Relion (estimates damage from the 
data with a 3D reference)

Not this approach
Curves re-measured in Grant and Grigorieff (2015) eLife 4:e06980.



Alignment in 2D



Shifts and a rotation are applied to images in order to bring them into register

Image 1 Image 2 Δx, Δy, Δφ required to bring 
Image 1 into register with image 2

The average image (for 2 or more starting images) is given by: 
Pixel1ave=(Pixel1image1+Pixel1image2….)/Nimages 
Pixel2ave=(Pixel2image1+Pixel2image2….)/Nimages 
Pixel3ave=(Pixel3image1+Pixel3image2….)/Nimages 
… up to the number of pixels in the image (e.g. 256x256)

Average of image 1 and 2 after image 2 has 
been brought into register.



Alignments - OLD SCHOOL; For illustration only

Optimum alignment of image with reference obtained by finding the maximum in a cross-
correlation function 
For two discretely sampled images f1 and f2 each with J pixels, their cross-correlation 
coefficient is given by

� 

CC12 =
f1( j) f2( j)
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∑
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The cross-correlation function describes the CC coefficient for all possible shifts in x and y

� 

CCF12 = FT−1 FT f1(x,y)[ ]FT* f2(x,y)[ ]( )

There is another handy Fourier space theorem that says that the cross-correlation function between image 1 and 
image 2 is given by
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There are numerous algorithms for aligning large datasets.   
e.g. 1: Pick a “typical” image and align everything to it 
e.g. 2: Average everything together, align everything to the resulting image, average everything 
again, iterate

Itn #1 Itn #2 Itn #3 Itn #4 Itn #5 Itn #6

Simple 2-D alignment makes the assumption that all of the molecules are in the 
same orientation on the EM grid and have the same conformation.  We can remove 
the assumption by classifying the images before averaging them.
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Classification (2D)



Multivariate statistical analysis - The old school way

1 0 3 1 2 3 0 2 1

Dimension 1

Dimension 3

Dimension 2

Image 1

Image 2

Image 3

An image of N pixels may be represented as a point (or vector) in N-dimensional space
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Determine which points are clustered together in N-dimensional space with the assumption that 
clustered images are similar but separated by noise.  Average images in cluster to create a ‘class 
average image’

Cluster 1

Cluster 2

Cluster 3



Average of aligned but flexible molecules 
(stained ATP synthase particles labeled with avidin at the 
C terminus of a subunit)

Divided into 10 classes and the class-members 
averaged

Here, the class-averages represent different conformations
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Average of incoherently aligned molecules 
(cryo-EM images of bovine ATP synthase)

Divided into classes, class-members averaged and classes that 
represent views of the molecule identified

Here, the class-averages represent different views
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2D classification to remove ‘junk particles’:

Sun, Benlekbir, Venkatakrishnan, Wang, Hong, 
Hosler, Tajkhorshid, Rubinstein, and Gennis 
(2018). Nature 557, 123-6.



Extending to 3D



• 2 translations (Δx and Δy). 
• 3 rotations. 

1) A rotation about the z-axis by an angle φ 
2) A rotation about the new y-axis (the one produced by the first rotation) by an angle θ 
3) A rotation about the new z-axis (the one produced by the second rotation) by an angle ψ

!53

How many parameters do we need to describe a ‘view’ of this complex?



Parameters needed to describe a view in 3D

ψ

φ = 0º

θ = 90º

θ = 0º

θ = 180º

θ = 30º

θ = 60º

θ = 120º

θ = 150º

For each particle image 
1) Determine three angles (ɸ,θ,ѱ) 
2) Two shifts (x, y) 



� 

R = RψRθRφ

The Eulerian rotation convention
The three rotations are expressed in matrix form.  

Matrix multiplication review (A, B etc. represent matrices):  
AB ≠ BA 
ABCD=A(B(CD))

a11 a12 a13 
a21 a22 a23 
a31 a32 a33

b1 
b2 
b3

c1 
c2 
c3

c1=a11b1+a12b2+a13b3 
c2=a21b1+a22b2+a23b3 
c3=a31b1+a32b2+a33b3

= where



Eulerian rotations

The axes are defined by the unit vectors:

The new axes are given by 
x’=RψRθRφx 
y’=RψRθRφy 
z’=RψRθRφz
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The Eularian rotations are applied to the coordinate system to give a new coordinate 
system.  The molecular does not change orientation and the projections are always 
generated along the new z-axis.
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Building 3-D Models

We know how to build a 3-D model given a sufficient set of views of a molecule: 
1) Calculate the 2-D FTs of the projected views 
2) Put them together to form the 3-D FT of the specimen 
3) Calculate the structure of the specimen by performing a Fourier synthesis of the 3-D FT

FT FT-1

Real Space Projections of Structure

But how do we figure out the 3 rotations and 2 shifts?



Methods for Euler angle determination in single particle EM

• Historically was done for proteins that adopt one or a few preferred orientations
Random Conical Tilting (RCT)

Common-lines (a.k.a. angular reconstitution in real space)

• Developed (Tony Crowther, 1970) for icosohedral viruses (60-fold symmetry) and 
worked well for high-symmetry high-signal objects.

• It does not work well (possible not at all) for asymmetric single particles

Projection matching (in real or Fourier space)
• Original forms needed a pretty good starting map 

• Rarely done now

• Rarely done now

• Stochastic Gradient Descent form now the simplest way to get an initial map 

• Used for refining low-resolution maps to high resolution



J. Frank, American Scientist 1998

Procedure 
• Obtain a pair of images with a tilt. In practice, the tilted image is obtained first since it is more 
important for the 3-D reconstruction and the first image suffers less radiation damage 
• Determine the azimuthal angle of particles in the untilted image by 2-D alignment methods 
• Calculate the orientation of corresponding tilted views using azimuthal angle of the untilted 
view and the known tilt of the specimen holder

Approach 1: Random Conical Tilting



Sampling of Fourier space using tilted, single orientation objects 
(random conical tilting)

Azimuthal angle



J. Frank, American Scientist 1998



Sampling of Fourier space using tilted, single orientation objects 
(random conical tilting)

From: Electron Tomography: Three-Dimensional Imaging With the Transmission Electron  
Microscope (1992) Frank, J.(ed)



Approach 2: Common Lines
• Works best when particles do not take on any preferred orientations 

• A common line (Fourier space) or common direction of projection (real space) can be found 
for any two images.  If these common lines or projections can be found for any three 
images, the relative orientation of the three images can be determined. 

• When signal to noise is low due to lack of symmetry, this approach should be treated with 
great suspicion.



FT

Central section  
through the 3-D FT  

of object

Projection

Remember the projection theorem



FT
Central section  
through the 3-D FT  
of object

FT

Central section through 
the 3-D FT of object

common line in  
Fourier space

θ

common line 
in real space

The common lines theorem



Three views are necessary to define orientations with common-lines



Requires a starting 3-D map 

Projection matching can be implemented (exactly equivalently) in real space or Fourier 
space. 

Real space: large number (~200,000?) projections generated from the 3-D map.  A particle 
image is aligned against all of these projections and the best match is chosen. The 
experimental image is inserted into the map with the chosen angles. 

Fourier space: the Fourier transform of a particle image searched against all of the possible 
central slices through the 3-D Fourier transform of the map.  The best match is chosen 
and particle FT inserted into the map FT.

Approach 3: Projection matching





Image used with permission from Joachim Frank

Angular Refinement by Projection Matching: real space



‘Simple’ way of thinking about projection matching: 
- Need to know those Euler angles! 
- Iterate over angle assignment steps 
- Better map -> better angles -> better map etc.

Another way of thinking  
- We don’t care about Euler angles (they are nuisance 

parameters) 
- Want the map that best explains the data

In second framework we can think of single particle cryoEM 
as an optimization problem:



Implications of considering as an optimization problem: 
- May want to marginalize (not assign hard angles to 

each particle image) 
- May not want to look at each particle image for each 

map update

O(V) = 1

N

NX

i=1

fi(V)

Minimize a function of the volume O(V) that describes the 
disagreement between each of N particles and the map/
volume V.

fi(V) = min
R,t

kI(i) �C(i)P(R, t)Vk2
ImageImage

View of complex 
(3D Rotation + 2D Translation)

Projection

Function to be 
minimized

A simple objective function:
Sum over all images

fi(V) = � log

Z

R

Z

t
exp

✓
�kI(i) �C(i)P(R, t)Vk2

2�2

◆
dRdt

Function used in cryoSPARC/Relion during marginalization



How do we optimize this 
objective function? 

Gradient based optimization 

• At each iteration take a step 
toward best map you can

O(V) = 1

N

NX

i=1

fi(V)

V(t+1) = V(t) � ✏trO

⇣
V(t)

⌘

Gradient of  
Objective Function

V(t)

V (t+1)

�rO(V(t))

Gets stuck at a local optimum: 
bad starting map gives bad final map 
This happens if you try simple projection matching 
with a bad starting reference

Looking at every particle image every time

Map that best explains data

space of all possible maps



Stochastic Gradient Descent  
(don’t look at each image at each iteration)

SGD approximates the objective and gradient with a random subset

rO(V) ⇡ 1

|J|
X

i2J

rfi(V)

V(t)

V (t+1)

⇡ �rO(V(t))

J

Random Subset

V(t)

V (t+1)

ApproximationExact Objective

Punjani, Rubinstein, Fleet, and Brubaker (2017). Nature Meth 14, 290-6.



Cryo-EM single particle ab initio reconstruction and classification

Punjani, Rubinstein, Fleet, and Brubaker (2017). Nature Meth 14, 290-6.



Do you have sufficient views to fill Fourier space?
ψ

φ = 0º

θ = 90º

θ = 0º

θ = 180º

θ = 30º

θ = 60º

θ = 120º

θ = 150º

FT

Central section  
through the 3-D FT  

of object

Projection

Φ

θ

North Pole

South Pole

Equator



Do you have enough views to fill Fourier space?



3D classification



A
T
P

AD
P

AD
P AT

P

ATP

A
D
P

Synth.

Hydrol.

S
y
n
th
.

H
y
d
ro
l.

S
yn
th
.

H
yd
ro
l.

ADP+Pi

ATP

ATP

ATP

ATP

ATP

ATP

ADP+Pi
ADP+Pi

ADP+Pi

ADP+Pi

ADP+Pi

Abraham, Leslie, Lutter, and  
Walker (1994) 
Nature 370, 621-8

3D classification to separate conformations:
The binding change mechanism



Separation of V-ATPase images into different classes (J. Zhao)

6.9 Å 7.7 Å 8.1 Å

Zhao, Benlekbir, and Rubinstein (2015). Nature 521, 241-5.

State 1
(47% of images)

State 2
(36% of images)

State 3
(17% of images)
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3-D classification to separate conformations:

Zhao, Benlekbir, and Rubinstein (2015). Nature 521, 241-5.


